Abstract. We exhibit some uncountable groups with Property (FH). In particular, these groups do not have Kazhdan's Property (T), which is known to be equivalent to Property (FH) for countable groups.
Introduction
In this paper, all groups are discrete.
Recall that a group G has Property (FH) if every affine isometric action of G on a Hilbert space has a fixed point, or, equivalently, has bounded orbits [HV] . We give several constructions of uncountable groups with Property (FH).
Recall that a group is said to have Property (T) if every unitary representation with almost invariant vectors 1 has nonzero invariant vectors. We do not use Kazhdan's Property in the sequel; we just recall some classical results for which we refer to [HV] or [BHV] . A result of Kazhdan (1967) states that a group with Kazhdan's Property (T) is finitely generated. A theorem of Delorme (1975) states that Property (T) implies Property (FH), and the converse was proved by Guichardet (1972) for countable groups 2 . Thus, our examples imply this converse does not remain true for non-necessarily countable groups; this answers negatively Question 3 in [W01] .
It is known that Serre's Property (FA) (fixed point Property on trees) is implied by Property (FH) (Alperin and Watanani, 1981 ; see [HV] , Chap. 6, or [BHV] , Chap. 2). The fact that Property (T) implies finite generation has a weaker analogue for Property (FA) ( [Ser] , p.82): if G has Property (FA), and if G is the union of an increasing sequence (H n ) of subgroups, then H n = G for n ≫ 1. A group (resp. non-finitely generated group) satisfying this property if said to have cofinality = ω (resp. > ω).
In fact, Serre also proved ( [Ser] , Chap. I, Théorème 15 p. 81, and Remarque 1 p. 83) that a group has Property (FA) if and only it satisfies the three following properties: it has finite abelianization, it does not decompose as a nontrivial amalgam, and it has cofinality = ω. This motivated the first examples of groups with cofinality > ω, which were provided by Koppelberg and Tits [KT74] : the infinite product G I , where G is any nontrivial finite perfect group, and I is any infinite set. They proved directly that it is not the union of an increasing chain of proper subgroups; since G I has trivial abelianization and is not an amalgam (since it is a torsion group), these were the first examples of uncountable groups with Property (FA). there exists a unit vector ξ ∈ H such that π(g)ξ − ξ < ε for every g ∈ F .
2 Delorme's result is valid for all topological groups; Guichardet's result is true for every locally compact, σ-compact group.
In Section 3, we prove that they also have Property (FH), although they are locally finite, hence amenable. We even prove something stronger: they are strongly bounded, that is, every isometric action on any metric space has bounded orbits. Strongly bounded groups were introduced in a recent preprint by G. Bergman [Ber04] , where he proves that the symmetric group over an infinite set is strongly bounded.
We begin, in Section 2, by giving two different constructions of uncountable groups with Property (FH), both relying on a result of Delzant, which states that every countable group embeds in a (necessarily finitely generated) group with Property (T). The first construction consists in embedding every group in a group with the "countable inner embedding Property" (Definition 2.1 below), which implies Property (FH). The second is a direct transfinite induction on countable ordinals, embedding every countable group in a group with Property (FH) and cardinality ℵ 1 .
Groups with the CIE Property
Definition 2.1. We say that a group G has the CIE Property (Countable Inner Embedding Property) if for every countable subgroup H of G and every embedding i : H → Γ of H into a countable group Γ, there exists a subgroup Γ ′ of G containing H, and an isomorphism ϕ :
Groups with the CIE Property enjoy interesting properties; one of the most immediate is the following: every countable subgroup is contained in a 2-generator subgroup; this follows from the HNN embedding Theorem [HNN50] . The proof is standard. We recall the notion of amalgam of a group G with a family of groups (this is a particular case of generalized free product with amalgamation (see [Ser] , pp.11-12)).
Let G be a group, and (K i ) a family (indexed by a set I) of subgroups of G, (H i ) a family of groups, and, for all i, an embedding j i of K i in H i . The amalgam G * (Ki) (H i ) is the quotient of the free product of G by the free product of all H i , by the relations x = j i (x) for all x ∈ K i .
It is straightforward that the natural map of G to G * (Ki) (H i ) is injective: a directed limit argument reduces to the case when I is finite, and in this case, it is obtained by applying successively ordinary amalgams.
Let us give an example. Let G be a group. Consider the family of all its countable subgroups, then consider the family of all embeddings of those subgroups K i in finitely generated groups H i , up to isomorphism. Let C(G) denote the amalgam G * (Ki) (H i ); it is endowed with the natural inclusion of G.
Proof of Theorem 2.2. Given a group G, we can define by induction C α (G) for every ordinal α,
and it is immediate that if α has cofinality > ω (for instance, α = ω 1 , the smallest uncountable cardinal), then C α (G) has the CIE Property.
Remark 2.3. It is easy to show that if G has cardinality ≤ α, then C ω1 (G), which contains G and has the CIE Property by the proof of Theorem 2.2, has cardinality ≤ α ω . In particular, if G has cardinality ≤ c (c denotes the cardinality of R), then so does C ω1 (G).
In order to show that the CIE Property implies Property (FH), we make essential use of the following result of Delzant [Del96] , which answered a question of Pittet in [HV] .
Theorem 2.4 (Delzant, [Del96]). If G is any countable group, then G can be embedded in a group with Property (T).
Sketch of proof: this is a corollary of the following result (independently proved by Delzant [Del96] and Olshanskii [Ols95] ): if H is any non-elementary word hyperbolic group, then H is SQuniversal, that is, every countable group embeds in a quotient of H. Thus, the result follows from the stability of Property (T) by quotients, and the existence of non-elementary word hyperbolic groups with Property (T); for instance, uniform lattices in Sp(n, 1), n ≥ 2.
Let C be any class of metric spaces, let G be a group. Say that G has Property (FC) if for every isometric action of G on a space X ∈ C, all orbits are bounded. For instance, if C is the class of all Hilbert spaces, then we get Property (FH).
Proposition 2.5. Let G be a group in which every countable subset is contained in a subgroup with Property (FC). Then G has Property (FC).
Proof : Let us take an affine isometric action of G on a metric space X in C, and let us show that it has bounded orbits. Otherwise, there exists x ∈ X, and a sequence (g n ) in G such that d(g n x, x) → ∞. Let H be a subgroup of G with Property (FC) containing all g n . Since Hx is not bounded, we have a contradiction.
Theorem 2.6. 1) Every countable group G embeds in a group of cardinality ℵ 1 with Property (FH) .
2
) Every group with the CIE Property has Property (FH). In particular, every group embeds in a group with Property (FH).
Proof : 1) For every countable group H (up to isomorphism), choose a non-surjective embedding of H in a group I(H) with Property (T). Define, by transfinite induction on α < ω 1 , groups G α by
Then it is clear that this group is uncountable (since all inclusions G α → G α+1 are strict), and satisfies the hypotheses of Proposition 2.5, since all G α have Property (T) for all α ≥ 1.
2) It is straightforward from Proposition 2.5 and Theorem 2.4 that the CIE Property implies Property (FH). The second assertion follows from Theorem 2.2.
Remark 2.7. These examples with cardinality ℵ 1 were motivated by the fact that groups with the CIE Property and infinite products of non trivial groups of Section 3 have cardinality at least the continuum c.
Strongly bounded groups
Definition 3.1. We say that a group G is Cayley bounded if, for every generating subset U ⊂ G, there exists some n (depending on U ) such that every element of G is a product of n elements of U ∪ U −1 ∪ {1}. This means every Cayley graph of G is bounded. We say that a group G is strongly bounded if it is Cayley bounded and has cofinality = ω.
These two properties have been introduced and are extensively studied in Bergman's preprint [Ber04] . A group with cofinality > ω is not necessarily Cayley bounded: the free product of two groups of cofinality > ω has cofinality > ω, or the direct product if a group of cofinality > ω with Z, are obvious counterexamples.
There is a nice, immediate characterization of strongly bounded groups (note that it also follows from Lemma 10 in [Ber04] ): Proposition 3.2. A group G is strongly bounded it and only if every isometric action of G on a metric space has bounded orbits.
Proof : Suppose that G has cofinality ω. Then G acts on a tree with unbounded orbits [Ser] .
Suppose that G is not Cayley bounded. Let U be a generating subset such that G the corresponding Cayley graph is not bounded. Since G acts transitively on it, it has an unbounded orbit.
Conversely, suppose that G is strongly bounded. Let G act isometrically on a metric space. Let x ∈ X, let K n = {g ∈ G, d(x, gx) < n}, and let H n be the subgroup generated by K n . Then G = K n = H n . Since G has cofinality = ω, H n = G for some n, so that K n generates G. Since G is Cayley bounded, and since K n is symmetric, G ⊂ (K n ) m for some m. This easily implies that G ⊂ K nm , so that the orbit of x is bounded. Proof : This follows from the Bruhat-Tits fixed point lemma, which states that every action of a group on a CAT (0) space which has a bounded orbit has a fixed point (see [BH] ).
If G is a group, and X ⊂ G, we define
The following proposition is immediate and is essentially contained in Lemma 10 of [Ber04] .
Proposition 3.4. The group G is strongly bounded if and only if, for every increasing sequence (X n ) of subsets such that G(X n ) ⊂ X n+1 for all n, such that n X n = G, one has X n = G for some n.
Example 3.5. If Ω is an infinite set, then Sym(Ω) is strongly bounded: it has cofinality > ω (Macpherson, [MN90] ) and is Cayley bounded (Bergman, [Ber04] ). Other examples and references can be found in [Ber04] .
Theorem 3.6. Let G be a finite perfect group, and I a set. Then G I is strongly bounded.
Remark 3.7. Conversely, if I is infinite and G is not perfect, then G I maps onto Z/pZ (N) for some p, so has cofinality ω and is not Cayley bounded.
Remark 3.8. By Theorem 3.6, every Cayley graph of G I is bounded. If I is infinite, one can ask whether we can choose a bound which does not depend on the choice of the Cayley graph. The answer is negative: indeed, for all n ∈ N, observe that the Cayley graph of G n has diameter exactly n if we choose the union of all factors as generating set. By taking a morphism of G I onto G n and taking the preimage of this generating set, we obtain a Cayley graph for G I whose diameter is exactly n.
Our remaining task is to prove Theorem 3.6. The proof is a adequate modification of the original proof of the (weaker) result of Koppelberg and Tits [KT74] , which states that G I has cofinality = ω.
If A is a ring with unity, and X ⊂ A, we define R(X) = X ∪ {−1, 0, 1} ∪ {x + y, x, y ∈ X} ∪ {xy, x, y ∈ X}.
It is clear that n∈N R n (X) is the subring generated by X. Recall that a Boole algebra is associative ring with unity which satisfies x 2 = x for all x. Such a ring has characteristic 2 (since 2 = 2 2 − 2) and is commutative (since xy − yx = (x + y) 2 − (x + y)). The ring Z/2Z is a Boole algebra, and so are all its powers Z/2Z E = P(E), for any set E.
Proposition 3.9. Let E be a set, and (X i ) i∈N an increasing sequence of subsets of P(E). Suppose that R(X i ) ⊂ X i+1 for all i. Suppose that P(E) = i∈N X i . Then P(E) = X i for some i.
Remark 3.10. 1) We could have defined, in analogy of Definition 3.1, the notion of strongly bounded ring. Then Proposition 3.9 can be stated as: the ring P(E) = Z/2Z E is strongly bounded. If E is infinite, note that, as a group, it maps onto Z/2Z
(N) , so has cofinality ω and is not Cayley bounded.
Proof of Proposition 3.9. Suppose the contrary. Define L = {X ∈ P(E), ∀i, P(X) X i }. The assumption is then: E ∈ L .
Observation: if X ∈ L and X ′ ⊂ X, then either X ′ or X − X ′ belongs to L . Indeed, otherwise, some X i would contain P(X ′ ) and P(X − X ′ ), and then X i+1 would contain P(X). We define inductively a decreasing sequence of subsets B i ∈ L , and a non-decreasing sequence of integers (n i ) by:
This fact implies that the sequence (n i ) is strictly increasing. We now use a diagonal argument. Let (N j ) j∈N be a partition of N into infinite subsets. Set D j = i∈Nj C i and m j = inf{t, D j ∈ X t }, and let l j be an element of N j such that l j > max(m j , j).
Set X = j C lj . For all j, D j ∩ X = C lj / ∈ X lj . On the other hand, D j ∈ X mj ⊂ X lj −1 since l j ≥ m j + 1. This implies X / ∈ X lj −1 ⊃ X j for all j, contradicting P(E) = i∈N X i .
The following corollary, of independent interest, was suggested to me by Romain Tessera.
Corollary 3.12. Let A be a finite ring with unity (but non necessarily associative or commutative). Let E be a set, and (X i ) i∈N an increasing sequence of subsets of
Proof : Upon extracting, we can suppose that X 0 contains the constants. Write
, and
. By Proposition 3.9, Y m = P(E) for some m. It is then clear that A E = X n for some n (say, n = 3m + 1 + ⌈log 2 |A|⌉).
If A is a Boole algebra, and X ⊂ A, we define D(X) = X ∪ {0, 1} ∪ {x + y, x, y ∈ X such that xy = 0} ∪ {xy, x, y ∈ X}.
The following lemma contains some immediate facts which will be useful in the proof of the main result.
Lemma 3.13. Let A be a Boole algebra, and X ⊂ A a symmetric subset (i.e. closed under
Proof : 1) It suffices to prove R(X) ⊂ D 2 (X) and an immediate induction follows. Let u ∈ R(X).
Definition 3.14 ( [KT74] ). Take n ∈ N, and let G be a group. Consider the set of functions G n → G; this is a group for pointwise multiplication. The elements m(g 1 , . . . , g n ) in the subgroup generated by the constants and the canonical projections are called monomials. Such a monomial is homogeneous if m(g 1 , . . . , g n ) = 1 as soon as at least one g i is equal to 1.
Lemma 3.15 ([KT74]
). Let G be a finite group which is not nilpotent. Then there exist a ∈ G, b ∈ G − {1}, and a homogeneous monomial f :
The proof can be found in [KT74] , but, for the convenience of the reader, we have included the proof from [KT74] in the (provisional) Appendix below.
Remark 3.16. If G is a group, and f (x 1 , . . . , x n ) is a homogeneous monomial with n ≥ 2, then m(g 1 , . . . , g n ) = 1 as soon as at least one g i is central: indeed, we can then write, for all x 1 , . . . , x n with x i central, m(x 1 , . . . , x i , . . . ,
. . , x n ) = 1, and we conclude by homogeneity in x j for any j = i. Accordingly, if (C α ) denotes the (transfinite) ascending central series of G, an immediate induction on α shows that if f (a, b) = b for some homogeneous monomial f , a ∈ G and b ∈ C α , then b = 1. In particular, if G is nilpotent (or even residually nilpotent), then the conclusion of Lemma 3.15 is always false.
Recall that if G is a group, and X ⊂ G, we denote
Lemma 3.17. Let G be a finite group, I a set, and H = G I . Suppose that f (a, b) = b for some a, b ∈ G, and some homogeneous monomial f , and let N be the normal subgroup of G generated by b. Let (X m ) be an increasing sequence of subsets of H such that G(X m ) ⊂ X m+1 and X m = H. Then N I ⊂ X m for m big enough.
Proof : Suppose the contrary. If x ∈ G and J ⊂ I, denote by x J the element of G I defined by x J (i) = x if i ∈ J and x J (i) = 1 if i / ∈ J. Denote byf = f I the corresponding homogeneous monomial: H 2 → H. Upon extracting, we can suppose that all c I , c ∈ G, are contained in X 0 . In particular, the "constants" which appear inf are all contained in X 0 .
Hence we have, for all m,f (X m , X m ) ⊂ X m+d , where d depends only on the length of f . For J, K ⊂ I, we have the following relations:
For all m, write W m = {J ∈ P(I), a J ∈ X m }, and let A m be the Boole algebra generated by W m . Then m A m = P(I). By Proposition 3.9, there exists some M such that A M = P(I). Set X n = R n (W M ). Then, since A M = P(I), n X n = P(I). Applying again Proposition 3.9, there exists some N such that X N = P(I). So, by 1) of Lemma 3.13, we get
Define, for all m, Y m = {J ∈ P(I), b J ∈ X m }. Then from (3.3) we get: W m ⊂ Y m+d ; from (3.2) we get: if J ∈ W m and K ∈ Y m , then J ∩ K ∈ Y m+d ; and from (3.4) we get:
By induction, we deduce
N . Let B denote the subgroup generated by b, so that N is the normal subgroup generated by B. Let r be the order of b. Then B I is contained in X D+r . Moreover, there exists R such that every element of N is the product of R conjugates of elements of B. Then, using that c I ∈ X 0 for all c ∈ G, N I is contained in X D+r+3R .
Theorem 3.18. Let G be a finite group, N the last term of its descending central series, I a set, and H = G I . Let (X m ) be an increasing sequence of subsets of H such that G(X m ) ⊂ X m+1 and X m = H. Then N I ⊂ X m for m big enough.
Proof : Let G be a counterexample with |G| minimal. Let W be a normal subgroup of G such that W I is contained in X m for large m, and which is maximal for this property. Since G is a counterexample, N W . Hence G/W is not nilpotent, and is another counterexample, so that, by minimality, W = {1}. Since G is not nilpotent, there exists, by Lemma 3.15, a ∈ G, b ∈ G − {1}, and a homogeneous monomial f : G 2 → G, such that f (a, b) = b. So, if M is the normal subgroup generated by b, M I is contained, by Lemma 3.17, in X i for large i. This contradicts the maximality of W (= {1}).
In view of Proposition 3.4, Theorem 3.6 immediately follows from Theorem 3.18.
Question 3.19. Let G be a finite group, and N a subgroup of G which satisfies the conclusion of Theorem 3.18 (I being infinite). Is it true that, conversely, N must be contained in the last term of the descending central series of G? We conjecture that the answer is positive, but the only thing we know is that N must be contained in the derived subgroup of G. 
